Abstract. We introduce a new class of sets called ω-m-open sets which are defined on a family of sets satisfying m-structures with the property of being closed under arbitrary union. The sets enable us to obtain some unified properties of certain types of generalizations of Lindelöf spaces.
Introduction
In 1982, Hdeib [5] introduced the notion of ω-open sets as a weak form of open sets in topological spaces. By using ω-open sets, he obtained some improvements of characterizations and preservation theorems of Lindelöf spaces. Analogously, by using preopen sets Hdeib and Sarsak [7] defined ω-preopen sets and obtained the further properties of strongly Lindelöf spaces due to Mashhour et al. [11] . As generalizations of Lindelöf spaces, Ganster [4] introduced and investigated α-Lindelöf spaces and semi-Lindelöf spaces. Ergun [3] introduced and investigated nearly Lindelöf spaces which have been further investigated by Balasubramanian [1] , Mršević et al. [12] and Cammaroto and Santoro [2] .
In this paper, we introduce the notion of ω-m-open sets in an m-space (X, m X ) which is equivalent to a generalized topological space defined by Lugojan [9] . By utilizing ω-m-open sets, we obtain unified characterizations and preserving theorems for Lindelöf spaces, strongly Lindelöf spaces, α-Lindelöf spaces, semi-Lindelöf spaces and nearly Lindelöf spaces.
Preliminaries
Let (X, τ ) be a topological space and A a subset of X. The closure of A and the interior of A are denoted by Cl(A) and Int(A), respectively. We recall some modifications of open sets in topological spaces.
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T. Noiri, V. Popa Definition 2.1. Let (X, τ ) be a topological space. A subset A of X is said to be The family of all α-open (resp. semi-open, preopen, δ-open) sets in (X, τ ) is denoted by α(X) (resp. SO(X), PO(X), δ(X)). (2) A subset K of (X, τ ) is said to be α-Lindelöf (resp. semi-Lindelöf , strongly Lindelöf [7] , nearly Lindelöf ) relative to X if every cover of K by α-open (resp. semi-open, preopen, regular open) sets of X has a countable subcover. Sufficiency. Let {V α : α ∈ Λ} be any cover of K by δ-open sets of X.
Since {U α(x) : x ∈ K} is a cover of K by regular open sets of X and K is nearly Lindelöf relative to X, there exist countable sets, says, α(
. This shows that K is δ-Lindelöf relative to X. Corollary 2.1. A topological space (X, τ ) is δ-Lindelöf if and only if it is nearly-Lindelöf . Proof. This is an immediate consequence of Lemma 2.1.
Definition 2.4. Let (X, τ ) be a topological space. A subset A of X is said to be ω-open [5] (resp. ω-preopen [7] ) if for each x ∈ A, there exists
For modifications of open sets defined above, the following relationships are known. Furthermore, it is shown in [7] that the converses need not be true.
open
Definition 3.1. Let X be a nonempty set and P(X) the power set of X. A subfamily m X of P(X) is called a minimal structure (briefly m-structure) on X if m X satisfies the following properties:
(1) ∅ ∈ m X and X ∈ m X , (2) the arbitrary union of the sets belonging to m X belongs to m X .
By (X, m X ), we denote a set X with an m-structure m X and call it an m-space. Each member of m X is said to be m X -open and the complement of an m X -open set is said to be m X -closed.
Remark 3.1.
(1) An m-structure is equivalent to a generalized topology due to Lugojan [9] . (2) Let (X, τ ) be a topological space. Then the families α(X), SO(X), PO(X) and δ(X) are all minimal structures. It is well-known that α(X) and δ(X) are topologies.
Remark 3.2. Let (X, τ ) be a topological space and m X an m-structure on X. 
Sufficiency. Let x ∈ A. Then there exists U x ∈ m X containing x and a countable set C x such that U x \ C x ⊂ A. Therefore, U x \ A ⊂ C x and U x \ A is a countable set.
Theorem 3.1. For every m-space (X, m X ), the following properties hold:
(1) the family m ω is an m-structure on X and m ω is a topology if m X is a topology,
Next, suppose that m X is a topology. Let A, B be ω-m-open sets and x ∈ A ∩ B. Then there exist U, V ∈ m X containing x such that U \ A and V \ B are countable sets. Since m X is a topology, we have (1) we have m ω ⊂ (m ω ) ω . Let A ∈ (m ω ) ω . By Lemma 3.1, for each x ∈ A, there exists U x ∈ m ω containing x and a countable set C x such that U x \ C x ⊂ A. Furthermore, by Lemma 3.1, there exists V x ∈ m X containing x and a countable set
Corollary 3.1. (Hdeib [6] ) Let (X, τ ) be a topological space. Then τ ω is a topology for X finer than τ . Remark 3.3. Let (X, τ ) be a topological space and m X = δ(X) (resp. α(X)). Then m ω = δ ω (resp. α ω ) is a topology for X finer than δ(X) (resp. α(X)). Remark 4.1. Let (X, τ ) be a topological space and m X = τ (resp. PO(X), α(X), SO(X), δ(X)), then an m-Lindelöf space is a Lindelöf space (resp. strongly Lindelöf space [11] , α-Lindelöf space [4] , semi-Lindelöf space [4] , nearly Lindelöf space [3] ). Proof. Necessity. Suppose that a subset K of an m-space (X, m X ) is mLindelöf relative to m X . Let {U α : α ∈ Λ} be a cover of K by ω-m-open sets of (X, m X ). For each x ∈ K, there exists α(x) ∈ Λ such that x ∈ U α(x) . Since U α(x) ∈ m ω , there exists V α(x) ∈ m X containing x such that V α(x) \ U α(x) is a countable set. The family {V α(x) : x ∈ K} is a cover of K by m X -open sets of (X, m X ). Since K is m-Lindelöf relative to m X , there exists a countable subset, says, α(
m-Lindelöf spaces
and hence
. Sufficiency. Since m X ⊂ m ω , the proof is obvious. Proof. Let B be an ω-m-closed set of (X, m X ). Let {U α : α ∈ Λ} be a cover of A ∩ B by m X -open sets of (X, m X ). For each x ∈ A \ B, x ∈ X \ B ∈ m ω and there exists an m X -open set V x such that V x ∩ B is a countable set. Since {U α : α ∈ Λ} ∪ {V x : x ∈ A \ B} is a cover of A by m X -open sets of (X, m X ) and A is m-Lindelöf relative to m X , there exists a countable subcover {U α : α ∈ Λ 1 } ∪ {V x i : i ∈ N}, where Λ 1 is a countable subset of Λ, such that
Since i∈N (V x i ∩ B) is a countable set, there exists a countable subset (1) an ω-closed set of a Lindelöf space is Lindelöf (Theorem 3.1(i) of [5] ), (2) an ω-preclosed set of a strongly Lindelöf space is strongly Lindelöf relative to X (Theorem 2.9 of [7] ). Proof. This is an immediate consequence of Corollary 4.2 since every m Xclosed set is ω-m-closed.
Corollary 4.4. For an m-space (X, m X ), the following properties are equivalent:
(1) (X, m X ) is m-Lindelöf; (2) every proper ω-m-closed set of (X, m X ) is m-Lindelöf relative to m X ; (3) every proper m X -closed set of (X, m X ) is m-Lindelöf relative to m X .
Proof.
(1) ⇒ (2): This is an immediate consequence of Corollary 4.2.
(2) ⇒ (3): Since every m X -closed set is ω-m-closed, the proof is obvious.
(3) ⇒ (1): Let {V α : α ∈ Λ} be a cover of X by m X -open sets of (X, m X ). We choose one V α 0 such that X \ V α 0 is a proper subset of X. Then {V α : α ∈ Λ \ {α 0 }} is a cover of X \ V α 0 by m X -open sets of (X, m X ) and X \ V α 0 is an m X -closed set of X. By (3), there exists a countable subset Λ 0 of Λ such that X \ V α 0 ⊂ ∪{V α : α ∈ Λ 0 }. Therefore, we obtain X = ∪{V α : α ∈ Λ 0 ∪ {α 0 }}. This shows that (X, m X ) is m-Lindelöf.
Remark 4.4. By Corollary 4.4, we obtain the following result established in Corollary 2.11 of [7] : a topological space (X, τ ) is strongly Lindelöf if and only if every proper ω-preclosed (preclosed) set is strongly Lindelöf relative to X.
, the following properties are equivalent:
Proof. This is an immediate consequence of Definition 4. 
